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We revisit the globally-coupled kinetic Ising model in the presence of an oscillating external
magnetic field with an amplitude h0 and a driving angular frequency Ω. In the low-frequency region
Ω → 0, the dynamic phase transition is shown to become discontinuous, and the phase boundary
is found to be described by h0 ∼ (1 − T )3/2 with the temperature T and a critical temperature
of unity in the limit h0 → 0. Our result is complementary to h0 ∼ (1 − T )1/2 , previously known
for the other limit (1 − T )  Ω. We extend the existing analytic calculation for the continuous
transition to the second-order perturbation expansion and find that the dynamic phase transition
occurs at lower temperature than the static one, which was not captured by the existing first-order
calculation. The stochastic resonance behavior is also discussed in relation to the nature of the
dynamic phase transition.
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I. INTRODUCTION

tween the static transition temperature Ts for the Ising
model without time-varying external field (h(t) = 0) and
the dynamic transition temperature Td for the kinetic
Ising model (h(t) 6= 0) is also explored. We finally investigate the occupancy ratio (OR), signaling the stochastic
resonance behavior, which shows a very different behavior as the transition nature changes from continuous to
discontinuous.
The present paper is organized as follows: Section II
introduces the system of the globally-coupled kinetic
Ising model with an oscillatory magnetic field. In Section III, the dynamic order parameter is defined and is
used to obtain the phase boundaries at different external
frequencies. The method of the adiabatic approximation
is described in detail, and its result is compared with numerical ones. Section IV is devoted to the second-order
perturbation expansion applied for the critical region,
which is followed by Section V, in which the occupancy
ratio is discussed. Finally, the main results are summarized in Section VI.

The globally-coupled kinetic Ising model has been
studied much due to its interesting dynamical behaviors,
such as a dynamic phase transition, a stochastic resonance, the existence of hysteresis loop, and so on [1–6].
Not only is it an interesting system from a pure theoretical point of view, the kinetic Ising model in finite
dimensions can also be used to describe experimental
observations [7].
In the present work, we analyze the Glauber dynamics and obtain the phase boundaries in the plane of an
external oscillating magnetic field and the temperature
at various external driving frequencies. We show that
as either the temperature is raised or the external oscillating field becomes larger, the system changes from
ferromagnetic to paramagnetic, indicating that the oscillating field also enhances fluctuations similar to thermal
fluctuations. After this confirmation of existing studies,
we then focus on the low-frequency region for which the
numerically obtained phase boundary via the direct integration of the equation of motion is shown to agree
with the result from our adiabatic approximation. Via
the second-order perturbation expansion, the relation be∗ Corresponding

II. GLOBALLY-COUPLED KINETIC ISING
MODEL
We begin with the globally-coupled kinetic Ising model
defined by the Hamiltonian
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N
X
J X
σi σj − h(t)
σi ,
N i<j
i=1

(1)

where N is the total number of spins, σi = ±1 is the
spin variable at the ith site, J(> 0) is the strength of
the ferromagnetic interaction, and h(t) = h0 sin Ωt is the
oscillatory magnetic field with magnitude h0 and driving
frequency Ω. The neighboring spins energetically favor
pointing in the same direction due the ferromagnetic interaction J > 0; however, different from the static field,
the oscillating field h(t) drives the spins to change their
directions in time. The globally-coupled kinetic Ising
model subject to the Glauber dynamics is conveniently
described by the equation of motion (see Ref. 2 for more
details).


dm(t)
m(t) + h(t)
= −m(t) + tanh
,
(2)
dt
T
where T is the temperature in units of J/kB , the oscillating field h(t) is in units of J, and the magnetization
m(t) is the ensemble average of a spin at time t. It should
be noted that the equation of motion, Eq. (2), is exact
within the continuous time approximation, in which the
discrete time in the Glauber dynamics is approximated
to be continuous.
When there is no external field in the system (h(t) =
0), the interaction between the spins competes with the
thermal noise with strength T . If the interaction is
strong enough to overcome the thermal noise, macroscopic magnetic ordering appears, and the system reveals
a phase transition from a randomly disordered phase to
an ordered one as the temperature is decreased. We note
that the low-temperature phase has a spontaneously broken symmetry and that the high-temperature one has a
fully-disordered random phase without any ordering. In
the mean-field scheme, this transition is known to occur
exactly at T = Ts = 1. Henceforth, we use the symbol
Ts to denote the transition temperature for the static
case with h0 = 0. In the presence of an external field
(h(t) 6= 0), on the other hand, the system is known to
exhibit a dynamic phase transition, and various aspects,
such as the existence of a tricritical point, have already
been studied [1–4]. We below focus on the dynamic phase
transition in the low-frequency region.

III. DYNAMIC PHASE TRANSITION:
ADIABATIC LIMIT
In this section, we investigate the dynamic phase transition by using Qn defined by
Z
Ω 2π(n+1)/Ω
dtm(t).
(3)
Qn ≡
2π 2πn/Ω
If the system achieves its stationary state, Qn does not
depend on n anymore, and we define the dynamic order
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Fig. 1. Dynamic order parameter Q vs. temperature T
at h0 = 0.1 for (a) Ω/2π = 0.1 and (b) Ω/2π = 0.001. The
dynamic phase transition changes its nature from continuous
(at Ω/2π = 0.1) to discontinuous (at Ω/2π = 0.001) as Ω is
decreased.

parameter Q as
Q ≡ lim Qn .
n→∞

(4)

In our numerical simulations, we integrate Eq. (2) over
time by using the second-order Runge-Kutta method
with the time step dt = 0.01 for given values of the amplitude h0 and the angular frequency Ω of the external
oscillating field, h(t) = h0 sin Ωt. The numerical integration is performed first at a sufficiently high temperature,
and at each given temperature, the magnetization m(t)
for the first 200 periods (2π/Ω) is discarded to ensure
the equilibration, and measurements are made for the
next 200 periods. We anneal the system by decreasing
T slowly, trying to make the system settle down only at
one dynamic fixed point.
Figure 1 shows the behavior of Q as a function of
temperature T at h0 = 0.1 for (a) Ω/2π = 0.1 and (b)
Ω/2π = 0.001. The dynamic order parameter Q clearly
detects the existence of the phase transition: ferromagnetic at low temperatures and paramagnetic at high temperatures. The phase transition changes its nature from
a continuous transition to a discontinuous one as Ω is
decreased. We repeat similar calculations at various values of h0 and Ω, and detect the dynamic phase transition point when Q first becomes larger than 0.001 as
T is lowered from a sufficiently high temperature. (The
choice other than 0.001, if not too different, does not
make a significant difference in the estimate of the transition temperature). In Figure 2, we show the phase
boundaries in the (T, h0 ) plane at various values of Ω. As
the temperature is lowered, the system is seen to change
from paramagnetic (Q = 0) to ferromagnetic (Q 6= 0),
as expected. If the temperature is fixed, but the amplitude h0 of the oscillating magnetic field is increased,
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Fig. 2. (Color online) Phase boundaries in the (h0 , T )
plane at various values of the external driving frequency Ω.
As Ω decreases, the numerically obtained phase boundary
approaches the one computed via the adiabatic approximation (see the text). Inset: Phase boundary calculated from
the adiabatic approximation (Ω  1) is plotted as h0 vs.
1 − T on a log-log scale. Over a broad range of temperatures,
h0 ∼ (1 − T )3/2 is found to fit well.

Fig. 3. Stability analysis of Eq. (2) within the adiabatic
approximation [f (m) is the right-hand side of Eq. (2) with
h(t) = 0.3]. (a) At low temperatures, there exist two stable
fixed points, one of which has a plus sign and the other a
minus sign (denoted by small arrows). (b) As the temperature
is increased, one of the two stable fixed points disappears
at the critical temperature. It is clear that this mechanism
gives rise to a discontinuous phase transition instead of a
continuous one.

the system also changes from ferromagnetic to paramagnetic, implying that a bigger oscillating magnetic field
provides stronger fluctuation. In the present paper, we
study in detail the case of Ω  1, for which the adiabatic approximation becomes valid. In other words, the
external driving is assumed to vary so slowly that we assume that one can decouple the time scale related with
m(t) from the one related with h(t). Within this adiabatic approximation, m(t) approaches the dynamic fixed
point of Eq. (2) very rapidly and stays there for a long
time. Consequently, the dynamic phase transition point
is simply determined from a fixed-point analysis of the
right-hand side of Eq. (2), which we call f (m). At sufficiently low temperatures, the symmetry is spontaneously
broken, and there exist two stable fixed points for Eq. (2),
one of which has a negative and the other a positive value
of m, as displayed in Figure 3(a). Once the system is at
one of the fixed point, it does not move to other fixed
point although h(t) changes; it is to be noted that the
thermal fluctuation has already been integrated to yield
Eq. (2) and that no mechanism to make the transition
between fixed points, overcoming the free-energy barrier,
is possible. Accordingly, as h(t) changes (although very
slowly), m(t) keeps one of the signs, positive or negative,
depending on the initial condition, resulting in Q 6= 0.
In contrast, as T becomes higher, the above behavior
changes, as displayed in Figure 3(b): At a given value of
h(t), the system is shown to have only one stable fixed
point. As h(t) is changed, the unique fixed point also
changes slowly, covering a broad range of m including
both sides of zero. Accordingly, at sufficiently high temperatures, the time-averaged value of m(t) becomes zero,
giving Q = 0. From this simple stability analysis, it is

straightforward to estimate the dynamic phase transition
temperature Td : We only need to pick the parameter at
which the number of fixed points changes from two to
one. The curve marked as ‘adiabatic’ in Figure 2 corresponds to the phase boundary via the stability analysis
within this adiabatic approximation. The numerically
obtained phase boundary at Ω/2π = 0.001 is clearly
shown to exhibit perfect agreement with the one found
from the adiabatic approximation. We also emphasize
that the above mechanism of the phase transition in the
adiabatic limit naturally explains the phase transition
being discontinuous: The change from two fixed points
to a single one, corresponding to that from Figure 3(a)
to Figure 3(b), does not occur in a continuous way.
As the frequency goes to zero, we find that in a broad
range of temperatures,
h0 ∼ (1 − T )3/2

(5)

well describes the phase boundary, as shown in the inset
of Figure 2. The exponent a = 3/2 of h0 ∼ (1−T )a in the
limit of Ω → 0 can be understood from a simple static
argument: The mean-field values of the static critical
exponents β = 1/2 in m ∼ (1 − T )β and δ = 3 in h ∼ mδ
lead to h ∼ (1 − T )βδ ∼ (1 − T )3/2 . We note that, in
contrast, in Ref. 3, the phase boundary satisfying
!1/2
2Ω2
(1 − T )1/2
(6)
h0 ≈
1 + Ω2
is obtained for (1 − T )  Ω. In the small-frequency region (Ω  1) where the behavior in Eq. (5) is obeyed, the
condition (1 − T )  Ω, which Eq. (6) is based on, is not
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valid anymore. The two results given by Eq. (5) and (6)
are complementary to each other, corresponding to different regions of the driving frequency Ω: the adiabatic
region (Ω  1) and the critical region [(1 − T )  Ω].
Those two different exponents in Eq. (5) and (6), one
larger and the other smaller than unity, are also expected
from the different slopes of the phase boundary shown
in Figure 2: As Ω goes to zero, dh0 /dT goes to zero near
T = 1 while it tends to diverge as Ω becomes large near
T = 1.

1
0.8

m0
Q (simulation)
Q (2nd order)

0.6
Q

-206-

0.4
0.2
0

IV. SECOND-ORDER PERTURBATION
EXPANSION

0

We next focus on the critical region and use the
second-order perturbation expansion to study the dynamic phase transition. We start from Eq. (2) with the
inverse temperature β = 1/T ,
dm
= −m + tan h(βm + βh),
dt

(8)

where m0 is the zero-th order solution, i.e., m0 =
tanh βm0 and  satisfies
!
d
= βF (βm0 ) − 1  + βF (βm0 )h0 sin Ωt,
(9)
dt
with

!
eβm0
1 − tanh βm0 .
F (βm0 ) =
cosh βm0

(10)

We then write the steady-state solution of Eq. (9) in the
form
 = 0 sin(Ωt − θ),
where
θ = tan−1
0 =

Ω
1 − βF

(11)
!
,

βF h0
Ω sin θ + (1 − βF ) cos θ

(12)

are obtained by using the linear independence property
of the sin Ωt and the cos Ωt terms when the trial solution
Eq. (11) satisfies Eq. (9).
The dynamic order parameter Q then reads
Z

Ω 2π(n+1)/Ω 
Q=
dt m0 + 0 sin(Ωt − θ)
2π 2πn/Ω
= m0 .
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Fig. 4. (Color online) The dynamic order parameter Q versus the temperature T at Ω/2π = 0.1 and h0 = 0.1. The numerically computed value is shown to be significantly different
from the static value m0 . On the other hand, the secondorder perturbation calculation gives Q values very close to
the actual ones.

(7)

consider first the first-order perturbation expansion up
to the linear order in βh and write
m1 = m0 + ,

0.2

(13)

We note the result shown in Eq. (13) implies that the
first-order perturbation expansion in βh yields Td = Ts ,
which is not consistent with the numerical observation
shown in the previous studies [1,5].
To remedy such an inconsistency, let us now keep the
second-order terms of (βh)2 . We now write the magnetization m as m2 = m0 + y with y =  + z, where 
is the solution in the first-order expansion and z is the
solution in the second-order expansion. Considering the
expansion up to the second-order terms, we find
d
( + z) = −( + z) + β( + z + h)F (βm0 )
dt
+β 2 ( + z + h)2 G(βm0 ),

(14)

where
eβm0 (1 − tanh βm0 )
cosh βm0
!
βm0
e
× 1−
,
cosh βm0

G(βm0 ) =

which yields

dz 
= βF (βm0 ) − 1 z
dt

2
+β 2 G(βm0 ) 0 sin(Ωt − θ) + h0 sin Ωt .

(15)

(16)

The solution of Eq. (16) is then given by
z(t) = e(βF −1)(t−t0 )
Z t

2
0
×
dt0 e(1−βF )t β 2 0 sin(Ωt0 − θ) + h0 sin Ωt0 ,
t0

which finally yields
Q = m0 +

β2G
(0 cos θ + h0 )2 + 20 sin2 θ .(17)
2(1 − βF )
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Fig. 5. Occupancy ratio OR vs. T at h0 = 0.1 for (a)
Ω/2π = 0.1 and (b) Ω/2π = 0.001. As we decrease Ω, OR
exhibits a dramatic change: two peaks for large Ω where the
phase transition is continuous, and only one peak for small Ω
where it is discontinuous.

The dynamic phase transition temperature Td can be
found from the condition Q = 0. We note that G in
Eq. (17) with Eq. (15) is always negative, which implies
Q is always smaller than m0 . Accordingly, we expect the
dynamic phase transition temperature Td to be smaller
than the static one Ts , which is consistent with the numerical observations [1,5]. In Figure 4, we compare the
results from the first-order perturbation, which is nothing but the static value m0 , from the second-order calculation presented above, and from the actual numerical
integration of the equation of motion. The second-order
perturbation presented above is clearly seen to give values in good agreements with the actual ones.

V. OCCUPANCY RATIO
In this section, we investigate the behavior of another
interesting quantity, the occupancy ratio OR defined by
*
+
number of spins in the direction of h(t)
OR ≡
.
total number of spines
(18)
The OR measures how many spins follow the same direction as the external field h(t). Figure 5(a) shows the
behavior of the OR as a function of the temperature T
for h0 = 0.1 and Ω/2π = 0.1, where two peaks clearly
appear, one below and the other above Td . The positions of these two peaks are T ≈ 0.8 and T ≈ 1.5 with
Td ≈ 0.98.
The temperatures at which the OR exhibits maxima
are well understood from the matching condition of the
intrinsic and the extrinsic time scales when the dynamic
phase transition is continuous [5]. In more detail, the
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magnetization of the system changes its sign in accord
with the external magnetic field when the relaxation time
τ of the system matches the external driving frequency,
i.e., τ ≈ 1/Ω, as was shown in Ref. 5. Since the relaxation time diverges as T approaches the critical temperature both from below and above, the matching condition
is satisfied at two different temperatures, one below and
the other above Td [5], which clearly explains the existence of double OR peaks in Figure 5(a). In contrast,
it is seen in Figure 5(b) that in the low-frequency region where the phase transition becomes discontinuous,
the OR exhibits only one single peak instead of double
peaks. Furthermore, the OR maximum occurs in the
paramagnetic phase (T > Td ≈ 0.75), which implies that
the OR peak in the ferromagnetic phase [the left peak in
Figure 5(a)] disappears as Ω → 0. In this low-frequency
region, the magnetization m(t) changes quasi-statically
and, thus, is fully synchronized with the change of the external magnetic field in the paramagnetic phase. In the
low-temperature phase, the spontaneously broken symmetry prohibits m(t) from changing its sign in accord
with h(t), which explains the absence of the ferromagnetic OR peak in this case. Accordingly, we conclude
that the number of peaks in the OR is closely related
with the nature of the phase transition.

VI. SUMMARY
In this paper, we have investigated the globallycoupled kinetic Ising model with an oscillatory magnetic field, with particular attention paid to the dynamic
phase transition and the low-frequency effects on it. The
phase diagram splitting the ferromagnetic phase and the
paramagnetic one has been constructed for various external driving frequencies, which agrees with the known
result. We then focus on the phase boundary in the lowfrequency limit Ω → 0, which exhibits h0 ∼ (1 − T )3/2
different from the other limiting case of (1 − T )  Ω
studied in Ref. 3. A simple adiabatic approximation has
been proposed, which, combined with the stability analysis, gives good consistency with the phase boundary
numerically obtained. Also, via the second-order perturbation expansion, we explain that the dynamic transition occurs at a lower temperature than the static one
(Td < Ts ). The occupancy ratio is also considered, and a
correlation between the transition nature and the number of OR peaks is suggested.
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